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Spectral Measures on Locally Fields 


Aihua Fan 


Abstract In this paper, we propose to study spectral measures on local fields. Some 
basic results are presented, including the stability of Bessel sequences under per¬ 
turbation, the Landau theorem on Beurling density, the law of pure type of spectral 
measures, the boundedness of the Radon-Nikodym derivative of absolutely contin¬ 
uous /-'-spectral measures etc. 


1 Introduction 

Let K be a local field of absolute value | ■ |. The ring of integers in K is denoted by £> 
and the Haar measure on K is denoted by m or dx. We assume that the Haar measure 
is normalized so that m(B) = 1. The ring D is the unique maximal compact subring 
of K and it is the unit ball {x G K : \x\ < 1}. The ball {x G K : |x| < 1}, denoted qi, is 
the maximal ideal in D and it is principal and prime. The residue class field of K is 
the field B/tp, which will be denoted by k. Let p be a fixed element of \p of maximal 
absolute value, called a prime element of K. As an ideal in X), tp = (p) = pB. The 
residue class field k is isomorphic to a finite field where q = // is a power of 
some prime number p > 2 (c > 1 being an integer). The dual group K of K is 
isomorphic to K. We fix a character x € K such that X is equal to 1 on ® but is 
non-constant on p ' X>. Then the map y i-y Xy from K onto K is an isomorphism, 
where Xy(x) = z(yx). 

For d > 1, denotes the (/-dimensional //-vector space. We endow with the 
norm 

|x| = max \xj\, for x = (xi, • ■ • ,xv) € K d . 


Aihua Fan 

LAMFA, UMR 7352 CNRS, University of Picardie, 33 rue Saint Leu, 80039 Amiens, France, 
e-mail: ai-hua . fan@u-picardie . f r 


1 




2 


Aihua Fan 


The Haar measure on K d is the product measure dx\ ■ ■ ■ clx,i which is also denoted 
by m, or m f / if it is necessary to point out the dimension. For x = {x \, • • • ,xf) £ K d 
and v = (yi, ■ • • ,yd) £ K d , we define 

x-y = xiyi H-h x d yd- 

The dual K d consists of all Xy(‘) withy £ K d , where Xy( x ) = X(y' x )- 

Let p he a finite Borel measure on K d . The Fourier transform of id is defined to 
be 

p(y)= (x y {x)dp{x) (yeK d ~K d ). 

JK d ■ 

The Fourier transform / of /' £ L ] (K d ) is that of tty where Pf is the measure defined 
by dfif = fdm. For local fields and Fourier analysis on them, we can refer to lfTl(T6l 

GBEU. 

In this paper, we propose to study spectral measures and their variants on K d . Let 
p be a probability Borel measure on K d . We say that id is a spectral measure if there 
exists a set A C K d such that {xx }xeA is an orthonormal basis (i.e. a Hilbert basis) 
of L 2 {p). Then A is called a spectrum of p and we call (id. A ) a spectral pair. 

Assume that Q is a set in K d of positive and finite Haar measure. When the 
restricted measure m ^) tn|ij is a spectral measure, we say £2 is a spectral set. In 

this case, instead of saying ( m ^ m |^,A) is a spectral pair, we say that (X2,A) a 
spectral pair. 

The characters Xx (A £ K d ) are called exponential functions on K d . The existence 
of exponential Hilbert basis like {Xx}xeA °f L 2 (M) is a strong constraint on the 
measure. Here are some weaker requirements. The set {Xx} XeA is a Fourier frame 
of L 2 {ix) if there exist constants A > 0 and B > 0 such that 

A\\f\\ 2 <Y,\(f,Xx)p\ 2 <B\\f\\ 2 , Vf&L 2 (p) ( 1 ) 

X 

where (•, - )^ denotes the inner product in L 2 (fd). We say {Xx}xeA is a Riesz basis 
if it is a Fourier frame as well as a Schauder basis. When {XxJxeA is a Riesz basis 
(resp. Fourier frame) of L 2 (/d), id is called R-spectral measure (resp. F-spectral 
measure) and A is called a R-spectrum (resp. F-spectrum). 

If {xx })x-A on ly satisfies the first inequality (resp. the second inequality) in (JTJ), 
we say that A is a set of sampling (resp. a Bessel sequence) of L 2 (p). If for any 
sequence {aaIasA € ^ 2 (A), there exists / £ Lr(£ 2) such that ax = /(A) for all 
A £ A, we say that A is a set of interpolation for L 2 (£ 2). 

An obvious necessary condition for p to be a spectral measure with A as spec¬ 
trum is 

(A-A) \{0}c;r„ :={§€«* :?(§)=<)}. (2) 

This is actually a necessary and sufficient condition for {Xx}xeA to t> e orthogonal 
in L 2 (p), because 

{Xt;,Xx)g = j X^Xx^B =£(A-£). 
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Here is a criterion for jx to be a spectral measure. 

Theorem 1. A Borel probability measure on K d is a spectral measure with A C K d 
as its spectrum iff 

IIm(A-^)| 2 = i. (3) 

XeA 

This theorem in the case W 1 is due to Jorgensen and Pedersen 031 . The following 
theorem says that a Bessel sequence perturbed by a bounded sequence remains a 
Bessel sequence. The corresponding result in R. d was proved by Dutkay, Han, Sun 
and Weber in (5). The proof in R' / seems not adaptable to the case of local fields. 
Our proof will based on the fact that characters in local fields are constant in a 
neighborhood of the origin. 

Theorem 2. Let {A,,} be a Bessel sequence of l? (jl) where p is of compact support. 
Let {y,} be another sequence. Suppose there exists a constant C > 0 such that 

Vn, |y«-A„|<C. 

Then {y„} is also a Bessel sequence ofL 2 (p). 

The following theorem is a version in local fields of Landau’s density theorem 
which establishes relationship between the set of sampling and the set of interpo¬ 
lation A and the Beurling densities I) ' (A), D~(A), D(A) (see Section 5 for the 
definition). A set A C K d is said to be (uniformly) discrete if 

d(A) := inf |cr — t| > 0. 

Any number 8 with 0 < 8 < d(A ) will be called separation constant of A. 

Theorem 3. Let LI C K d be a Borel set such that 0 < m(f2) < °° and let A C K d be 
a discrete set. 

(1) If A is a set of sampling ofLr(Ll), then D~{A) > m(f2). 

(2) If A is a set of interpolation ofLr(L2), then D + (A ) < m(f2). 

(3) If A is a F-spectrum of LI, then D(A ) = m(f2). 

The above two theorems are fundamental. They allow us to establish the follow¬ 
ing two basic results on spectral measures. 

Theorem 4. A compactly supported F-spectral measure on K d must be of pure type 
in the sense that it is either finitely discrete, or singularly continuous or absolutely 
continuous. 

This result of pure type in M. d is due to He, Lai and Lau ED- The following 
boundedness of the density of absolutely continuous F-spectral measures in R. d is 
due to Lai El. 
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Theorem 5. Let p be a compactly supported and absolutely continuous probability 
measure on K d with Radon-Nikodym derivative (j). If p is a F-spectral measure, then 
A < (j)(x) < B almost everywhere on the support of p, where 0 < A < B < °° are tw’o 
constants. 

The existence of spectral pair (Q.A) on Euclidean space W l goes back to Se¬ 
gal’s problem of commutativity of the partial derivative operators (1958). Fuglede 
|7| proved that the commutativity is equivalent to the existence of spectrum. Fu¬ 
glede also proved that it is the case for the region that is a lattice tile. Fuglede 
conjecture states that it is the case iff the region is a tile (not necessarily a lattice 
tile). But Tao l20l disproved this for d >5. Jorgensen and Pedersen Hi hd discov¬ 
ered the first singular spectral measure (a self-similar measure). Their works were 
followed by Strichartz mm, and taba and Wang □2, and many others. In the 
non-Archimedean case, there are many to do. 

We will sketch the proofs of Theorems 1.1, 1.2 and 1.3. respectively in Sections 
3,4 and 5. Theorems 1.4 and 1.5 can be proved as in the Archimedean case, by using 
Theorems 1.2 and 1.3, but details are not given here. Before proving Theorems 1.1, 
1.2 and 1.3, in Section 2, we will give some preliminaries concerning the structure 
of local fields, quasi-lattices and some Fourier integrals. 

Addendum. There is a progress in the field of p-adic numbers 0, where it is 
proved that a compact open set in Q p is a spectral set if and only if it is a tile. This 
tile must be lattice tile and it is characterized by a special homogeneity. Without loss 
of generality, we can only consider compact open sets in Z p . Fet LI = T ® p"Z p be 
a compact open set in Z p where T C be a finite set, which can be assumed to be 
a subset of N or of Z/p"Z, and n > 1 is an integer. The notation ® means that LI is 
a disjoint union of t + p" Z p (t £ T). The homogeneity of LI is the homogeneity of T 
described by (c) in the following theorem which gives a characterization of spectral 
sets in Z/p"Z. See Fig. 1 for a geometric representation of this kind of homogeneity. 

Theorem 6 (J6j). Let T C Z/p"Z. The following propositions are equivalent: 

(a) T is a spectral set in Z/ p n Z; 

(b) T isatileofZ/p n 7j; 

(c) For any i = 1,2, •• • ,n — 1, Card(T mod p‘) = p k ‘ for some integer ki £ N. 

One example of spectral set in Qb is 

L2 = \J(c + 2 3 Z 2 ) 

cGC 

where C = {0,3,4,7}. The homogeneous structure of {0,3,4,7} can also be seen 
from 

0 = 0-1+0-2 + 0-2 2 , 3 = l-l + l-2 + 0-2 2 

4 = 0-l+0-2+l-2 2 , 7= 1-1 + 1-2+1-2 2 . 

Some singular spectral measures are also found in the field Q p in (6J. Here is an 
example. Consider the iterated function system defined by 


Spectral Measures on Locally Fields 


5 



Fig. 1 A homogeneous set in Z/3 5 Z. From all nodes of a given level, we choose either 3 branches 
or 1 branches. 

fc(x) = 8x + c (c £ C) 

where C is the same set {0,3,4,7} as above. The invariant measure associated to the 
probability is a spectral measure, which is supported by a Cantor set of 

dimension = \. 

Acknowledgement My thanks go to Kasing LAU, Shilei FAN, Lingmin LIAO for 
their careful reading of the first version of the paper and for their remarks. 


2 Preliminaries 
2.1 Local fields 

Recall that a local field is a non-discrete locally compact disconnected field. If it is 
of characteristic zero, it is a field of p-adic numbers Q p or its finite extension. If it 
is of positive characteristic, it is a field of p-series F p ((r)) or its finite extension 
F p c{(T )). Connected locally compact fields are R. and C. 

Consider the field Q of rationals and a prime p > 2. Any nonzero number r € Q 
can be written as r = p v | where v,a,b £ Z and ( p,a ) = 1 and ( p,b ) = 1 (here (, x,y ) 
denotes the greatest common divisor of two integers x and v). By unique factoriza¬ 
tion in Z, the number v depends only on r. We define v p {r) = v and |r| p = p^ v P^ 
for r/ 0 and 0| ; , = 0. Then | • \ p is a non-Archimedean absolute value. That means 
0) M p > 0 with equality only for r = 0; 

(ii) |rs| p = |r| p |i| p ; 

(iii) \r + s\ p < max{|r| p ,|s| p }. 

The field of p-adic numbers Q p is the completion of Q under | ■ \ p . Actually a typical 
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element of Q p is of the form 

oo 

Y a nP n {N € Z,a„ £ {0, 1, - ,p- 1}). 

n=N 

(the partial sum from N to m is a fundamental sequence of elements of Q). 

Let F 9 [r] be the ring of polynomials over the finite field ¥ q of q = p c elements. 
Let F ? (J) be the field of rational functions of the indeterminate T with coefficients 
in Fq. Any nonzero h G ¥ q (T) can be written h(T) =T P where p £ Z,/ £ F p [T] 
and / £ F ? [7] with /(0) ^ 0 and g( 0) ^ 0. Then we define |/t| = This function 
| • | : F q (T) —> K+ is also a non-Archimedean absolute value. The completion of 
F ? (r), denoted by ¥q((T)), is called the field of formal Laurent series over ¥q(T). 
Actually a typical element of ¥ q ((T)) is of the form 


Y a nT" (N £ Z,a n £ F q). 

n—N 

(the partial sum from N to m is a fundamental sequence of elements of F 9 (7’)). 
Let us compares the two fields Q p and ¥ q ((T)) in the following table. 


K 

Qp 

v->oo pi 

Ln=N a nP 

L: =N anT n 

F,((r)) 

Completion of 

Q 

a/b 

f/g 

F,(r) 

© 

Z p 

v - ' oo n 

L«=0 a nP 

L,7=0 a„T n 

uin) 

V 

(p) 

voo n 

L n =l a nP 

17=1 a«T" 

(T) 

k 




F, 


Formally the two fields Q p and F ? ((r)) seem the same. But their algebraic oper¬ 
ations are different. In Q p , we add and multiply coordinate by coordinate but with 
carry to the right. In F q ((T)), we add coordinate by coordinate and we multiply by 
the rule of Cauchy as we do for polynomials. 

In Q p , a non-trivial character is defined by 

x (x) = e 2 * i W 

where to = I n=N a n p n is the fractional part of x = Y^=N a nP" ■ From this character 
we can get all characters of Q p . 

In F q((T)), a non-trivial character is defined by 

x{x)=e 2 fv(*) 

where x = ^” =/v a„T” and v(x) = is the first coordinate of a_i in a fixed basis 
of the F p -vector space F f/ . This character is trivial on F p [[T]] but non-trivial on 

r-'F^r]]. 
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2.2 Notation and Basic facts 


Notation. 

T> x := D = {x £ K : |x| = 1}. It is the group of units of 2). 
if,, := 1 + p"2) (n > 1). These are subgroups of 2) x . 

B(0,q n ) := p _ "2). It is the (closed) ball centered at 0 of radius q n . 
B(x,q n ) := x + B(0,q n ). We also use it to denote balls in K d . 

S(x,q") := B(x,q n )\B(x,q n ~ l ), the sphere of radius q n . 
srf n : the set of finite union of balls of radius q n (n € Z). 

1 1 : the characteristic function of a set A. 

Facts. 

xam=q-\\p\=q-\m{B{x,q n )=q n . 

All p"2) are additive groups. 

All il„ are multiplicative groups. 

dm{ax) = |a|c/m(x) for all a £ K*. It is the image of m under x i—> ax. 


2.3 Quasi-lattices 

Not like in there is no lattice groups in K d . because finitely generated addi¬ 
tive groups in K d are bounded. We define quasi-lattices which will play the role of 
lattices in ]R rf . 

The unit ball B( 0,1) is an additive subgroup of K d . Let L C K d be a complete set 
of representatives of the cosets of B{ 0,1). Then 

K d =L + B(0,l)= □ ( 7 + 5 ( 0 , 1 )). 

ye L 

We call L a standard quasi-lattice in K d . Recall that 7L d is the standard lattice in M. d , 
which is a finite generated subgroup of Notice that L is not a subgroup of K d , 
as we shall see. 

If L is a standard quasi-lattice in K , then IL/ / is a standard quasi-lattice of K d . If 
L is a standard quasi-lattice of K d , so is {y + rjy : y £ L} where { /7y}yGL is any set 
in the unit ball B( 0,1). 

Let us present a standard quasi-lattice in Q p . For any n > 1, let 
V„ = {l<k<p" :(k,p) = l}. 

The set V„ is nothing but the set of invertible elements of the ring Z/p"Z, i.e. V„ = 
(Z/p"Z) x . Then 

{ 0 }up- l v l up- 1 v 2 u—p- n v n u — 


is a standard quasi-lattice of Q p . 
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Lemma 1. The set of characters ofZ p is {x(Y x )}ye L where L is a standard quasi¬ 
lattice ofQp, where %(x) = e 27t 'W. 

As consequence, we get immediately the characters of 7L d p . In another words, 
{X{7‘ x )}yeh where L is a standard quasi-lattice of Qp is the set of characters of 
Zp. It is a Hilbert basis of Lr{Z d ). It is also a Hilbert basis of L 2 (Z d + a), for any 
a £ Qp. In other words, (a + Z p ,h) is a spectral pair. 

For the group p~ n Z p (n £ Z), the characters are described by p" L. More gener¬ 
ally, let A £ GLrf(Qp) be a non-singular d x (/-matrix. The characters of the group 
AZp are described by (A _1 ) ; L. We call such a set (A _1 )'L a quasi-lattice of Qp. 

Quasi-lattices are separated. Standard quasi-lattice L in K d admits its separation 
constant d( L) = q. Let us give a direct proof for the standard quasi-lattice in Qp. 

Lemma 2. We have d( L) = p for the standard quasi-lattice L in Q p . 

Proof. Let Lo = {0} and L„ = {p~ n k: 1 < k < p n , (k, p) = 1} (n > 1). It is clear that 
L„ C S(0,p") for n > 1. For X' £ L„ and X" £ L,„ (n < m ), we have \X' — X"\ = p m . 
In fact, assume X' = p ~ n k\ and X" = p '"/ct- Then 

X'-X" = p- m (k lP m - n + k2), (p,k l p m ~ n +k 2 ) = 1. 

For X\X" £ L„ with X' X" , we have \X' — X"\ > p. In fact, assume X' = p~ n k\ 
and X" = p~"k 2 . Then X' — X" = p~ n {k\ — k 2 ). Since 1 < \k\ — k 2 \ < p ", k\ — k 2 
is not divisible by p". On the other hand, we have \X' — X"\ = p for X' = p~ n and 
X"=p-"{p n - l + 1). 


2.4 Some Fourier integrals 

The Fourier transform of the characteristic function of a ball centered at 0 is a func¬ 
tion of the same type. 

Lemma 3. We have 1 B{o,q a ) ) = q a 1 b( ) f or an y a£Z. 

Proof By the scaling property of the Haar measure, we have to prove the result in 
the case a = 0. Recall that 

lfl(o,t)(£) = / X(—% -x)dx. 

Jb{ o,i) 

When \E, \ < 1, the integrand is equal to 1, so 1 B ( 0 i)(^) = 1. When \q\ > 1, making 
a change of variable x=y—z with z £ B(0, 1) chosen such that x{^ • z) f L we get 

1 B(0,1)(^) —x(^ • z) ls(0,l) (<5)- 


It follows that 1 s(o,i) (<=) = 0 for \t, \ > 1. 
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Lemma 4 . Let O = \_\jB(Tj,q a ) £ sd a be a finite union of ball of the same size, 
where a £ Z. We have 


loOS) ■*/)■ 

i 


In particular, 1 o(^) is supported by the ball B(0,q a ). 


Proof. It is a direct consequence of the last lemma. 
Lemma 5. For a,b £ Z, we /rave 



(§-f?)| 2 <*§*7 


if a + £ > 0 

^2(«+i) if fl + fc<0. 


Proof. Recall that +(Q q bj(f) = 1 b ^B(Q q~ b )(£)- Using this and making the change 
of variables E, = p b u, 1] = p b v (the jacobian is equal to q 2b ). The integral becomes 



v)| 2 dudv. 


Assume a + b < 0. Then the ball B(0,q a+b ) is contained in the unit ball B( 0,1) 
so that the integrand is equal to 1 on B(0,q a+b ) x B(0, q" 1 h ). The integral is then 
equal to q2(a+b)' t jj e ffaar measure of B(Q,q a+b ) x B(0,q a+b ). 

Assume now a + b > 0. The ball B(Q.q a ' b 'j is the disjoint union of the balls 
B{c , 1) with center in L a+ b := L,r\B(0,q a+b ), where L is a standard quasi-lattice of 
K d . So, the above double integral is equal to 


E E 

c> a+b c>, ^-‘a+b 



|lfl(o,i)( M — v)| 2 dudv. 


If d f c", the balls Bid, 1) and Blc". 1) have a distance strictly larger than 1, then 
the corresponding integral is equal to zero. The integral is equal to 1 if d = c". Thus 
the above sum is equal to the cardinality of that is q a+b . 


3 Criterion of spectral measure 
3.1 Proof of Theorem^ 

Recall that (/,g)p denotes the inner product in l?(p ): 

(f,g)p = J fgdu, Vf,g e L 2 (p). 


Remark that 
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{X^,Xx)n = j Xt;Xx d V = ?(*-§)■ 

It follows that Xx 1 anc * XX" are orthogonal in L 2 (fi) iff /X (A. — B,) = 0. 

Assume that (/i,A) is a spectral pair. Then (|3|> holds because of the Parseval 
equality and of the fact that {/I (A — ^)}xeA are Fourier coefficients of Xq under the 
Hilbert basis {XxheA- 

Now assume (J 3 J holds. Fix any X' £ A and take E, = A' in We get 
1+ £ |m(A — A')| 2 = 1, 

XeA,X£V 

which implies u(X — A') = 0 for all A £ A \ {A'}. Thus we have proved the orthog¬ 
onality of {xx }xeA ■ It remains to prove that {xx }xeA is total. By the Hahn-Banach 
Theorem, what we have to prove is the implication 

/GL 2 (M),VA £A,(f,Xx)n = 0 =► / = 0. 

The condition <[3}) implies that 

e K d , Xs=Y,(%S’Xx)iiXx- 

XeA 

This implies that X£ is in the closure of the space spanned by {Xx}xeA- As / is 
orthogonal to Xx f° r all A G A. So, / is orthogonal to Xc, ■ Thus we have proved that 

e K d , Jzsfdli = (f,Xs)n= 0. 

That is, the Fourier coefficients of the measure fdfi are all zero. Finally f = 0 p- 
almost everywhere. 


3.2 Spectral sets 

A spectral set £2 corresponds to a spectral measure —777111 |_q, where we assume 

0 < niff2) < 00 . The Fourier transform of this measure is equal to 1 n (>’)• Thus, 
the following is a corollary of Theorem[I] 

Proposition 1 . Suppose 0 < m(f2) < °°. Then £2 is a spectral set with A as spectrum 
iff 

£ |Q(A -£)| 2 = m(f 2 ) 2 . 

XeA 
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3.3 Finite measures and Hadamard matrices 


A nxn matrix H = ( hjj ) is a (complex) Hadamard matrix if hjj £ C with \hij\ = 1 
such that 

H H l = nl 


where I is the unit matrix, i.e. H is unitary. 

Let us consider a finite set S C K d of n points and the uniform probability measure 
on S: 



sGS 


The space l? (ps) is then of dimension n. Let A C K d be a set of n points. 


Proposition 2. The pair (ps,A) is a spectral pair iff (A -s));ieA,j€,s its a Hadamard 

matrix. 


It is just because of the fact that for A', A" £ A, we have 

{Xx',X\")p = -E*(A/-s);f(A"-s). 


4 Perturbation of Bessel sequences 

In this section, we prove Theorem [2] The proof is based on the following three 
lemmas. 

The first lemma tells us that we can assume that the measure p is supported by 
the unit ball T)' 1 withou loss of generality. Let Q = supptr. Let a £K*. Consider the 
map T : Q —► all defined by t(x) = ax. Let T., fl be the image of li under T (pushed 
forward (and let r*g be the image of a function g under x (pulled back). Recall that 
T *g(x) = g(ax) where g is defined on aQ. Then 



In particular, x*: L 2 (x t fJ.) —> L 2 (p) is an isometry. Observe that if a is small enough, 
we have a£2 C S f/ . The first lemma actually establish a relationship between the 
Bessel sequences of p and those of T.p. Similar statement holds for spectmm, F- 
spectrum, R-spectrum etc. 

Lemma 6. If{ A,,} is a Bessel sequence of l?(p), then {a* 1 A,,} is a Bessel sequence 
ofLr(x t p) with the same constant. 

Proof. The hypothesis means that for some constant B > 0 we have 

V/£L 2 (aO, B(f,xM,\ 2 <B\\f\\l 
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Let g £ L 2 (t*/i). We have 

<S,X(a _ 1 V)) = J g{y)x{a- l X n y)dT*n(y) 

= J 'i*g( x )x(h,x)dp(x) = (T*g,x(kn-))n- 

Thus 


Il(^X(a- 1 V)}^| 2 = Il(^ ) x(A n -)},| 2 <5||TV|| 2 =5||^|| 2 . 

Thus we can consider t*/i with a small a such that aQ C £>. Then 
|cr 1 A, I -a“ 1 'tf,| < |a _1 |C. 

The second lemma is specific for local fields. It says that ’’very” small perturba¬ 
tion has no effect. 

Lemma 7. Suppose LL has its support in T) d . If X n is a Bessel sequence of L 2 ( l,i), so 
is {A„ + t] n } for any sequence { 77 ,,} such that |? 7 „| < 1 . 

Proof. It is just because j(-) is equal to 1 on D d so that xii^n + Bn)*) = X(^nx) 
for all x£D d . 


The following lemma follows directly from the definition. 

Lemma 8. Let A be partitioned into a finite number of subsets A \, • • • .A,-. Then A 
is a Bessel sequence ofL 2 (pt) iff every Aj (j = 1,2,--- ,r) is a Bessel sequence of 
L 2 (p). 

Proof of Theorem^ By Lemma[ 6 j we can assume that the measure fi is supported 
by D d . Let 8 n = y n — X n . Since |5„| < C, we can write 

8/1 = tn A Tjn with t n £ A , | £ 1 

where A is a finite set of the standard quasi-lattice. Then 

Yn — hi hi Bn • 


For any k £ A, let 


At — {A • in — A}. 


By Lemma [ 8 ] A*. is a Bessel sequence of L 2 (u) and so is its translation Af- — k. The 
sequence {A„ — 1 „ } is nothing but the finite union of A*. — k(k£ A), which is a Bessel 
sequence of L 2 (jti), again thanks to Lemma[ 8 ] Now we can conclude by Lemma]?] 
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5 Landau operators and Beurling density 

Landau operators on W 1 were introduced and studied by Landau lff5l . They allowed 
the establishment of some fundamental relations between the Beurling density and 
the sampling property and interpolation property of discrete set in We can adapt 
the theory to the local fields. 


5.1 Landau operators and basic properties 


Let £2 CK d and A C K d be two Borel sets. Assume 

0 <m(f2)<°°, 0<m(A) < oo. 

Any function / in L 2 (£2) is identified with the function which is equal to / on £2 
and to 0 outside £2. With this in mind, we have Lr{£2) C L 2 (K d ). Any function / in 
L 2 {£2) is L ] -integrable, its Fourier transform f belongs to Co(K d ) by the Riemann- 
Lebesgue Lemma. 

A discrete set A C K d is called a set of sampling of L 2 (£2 ) if there exists a 
constant C > 0 such that 


V/a 2 (f2), 


<c£ liWI 2 . 

AeA 


Let 


L 2 {£2) ={g€ L 2 (K d ) : 3f e L 2 (£2) such that g = /}. 
The inverse Fourier transform of / £ iJ ( K' r j is denoted by 


/«= fmuk)d^. 


Dehne Tq : L 2 (K d ) —> L 2 (£2) by 

Tng= 0-ag)- 

Let Pa be the orthogonal projection from L 2 (K d ) onto I 2 (A). defined by 

Png^) = lA^)g^). 

The Landau operator Jz? = Jfn.A '■ L 2 (K d ) —» L 2 (K d ) is defined by 


J? = T n P A T n . 

The auxiliary Landau operator Jzf^ : L 2 (K d ) —> L 2 (K d ) is defined by 

J?t=P A T n P A . 
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Lemma 9. The Landau operator Jzf is a positive compact self-adjoint operator. It is 
a Hilbert-Schmidt integral operator with kernel 

K(rj,£) = J l A (t)l a (T]-t)ln{Z-t)dt. 


Proof. Recall that 

T nf(Z) = J {x)f(x)x(£-x)dx = J f{x)\ n {x)x{^-x)dx. 

Notice that the Fourier transform of 1 q{ x)xif -x) is equal to 1 a(t — Ef). So, by the 
Parseval identity, we get 


r a m=j mQG-t)dt. ( 4 ) 

Hence P A Tq is an integral operator: 

p A T a m=j m^, t )dt ( 5 ) 

with the kernel <P(£,t) = \ A (4)1 a (4 — t), which satisfies 

J J |^(4,0l 2 *^ = l|i/ill 2 l|iflll 2 <“- 

So, If Tq is a Hilbert-Schmidt operator hence compact. Thus the Landau operator 
To If To is also compact. Both Tq and If being orthogonal projections, it is then 
easy to check that Sf is self-adjoint and positive. From ([4]) and ([5]), we get 

^/(§) = J (y f(‘n)®(t,‘n)d‘nj G(4 -t)dt = JfinWZ^dri 


where 


K(^,r]) = j <P{t,T])l a (£-t)dt = J1 A (t)Q(f-r7)Q(4 

By the above lemma, the Landau operator ££ admits a sequence of eigenvalues 
that we arrange in decreasing order 


1 > Ai > A 2 > • • • > X k > • • • > 0 


with 0 as the only cluster point, where the multiplicity is taken into account. The 
Courant-Fischer-Weyl min-max principle states that the k-th eigenvalue is equal to 


\m\ 


Xk = max min 

4 *e4 \\x 


= min max 

4-i xeSf^ t 


m\ 

ii*ii 
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where S \ represents an arbitrary subspace of dimension k and S£_ l represents the 
orthogonal complementary space of Sk ~1 • 

Let {(j)k}k> l be an orthonormal basis with <pk as the eigenvector of A*. The kernel 
K is equal to 

co 

k= 1 

It follows that 


Xk = 
k= 1 

I\ 2 = //V(^)| 2 ^. (7) 

A-=l J J 

Since the eigenvalue A/, depends on L2 and 4, we will denote it by A/ 0 (L2.4 ). We 
will study its dependence on £2 and A. 

First, we observe that the auxiliary Landau operator Jzf : have the same spectrum 
as the Landau operator . 

Lemma 10 . Jr?** and 2z? have the same eigenvalues. 

Lemma 11 . The eigenvalues Xk(£2. A) (k = 1,2,- ■■) of the Landau operator 
have the following properties: 

(a) (Translation invariance) Xk(£2,A) = Xk{£2 + O. A + t) for all <7, T € K d . 

(b) (Scaling invariance) Xk{£2,A) = Xk{a£2,a~ l A)for any a € K*. 

(c) (Symmetry) Xk(£2,A) = Xk{A,£2). 

(d) (Monotonicity) A^(X2,zXi) < At(X2,zL) if A\ C A 2 . 

(e) (Sum of eigenvalues) Y^k=\ Xk(£2,A) = m(f2)m(4). 

(f) (Sum of eigenvalues squared) £“ =1 Xk{£2. A ) 2 = J A f A | 1q {u — v)\ 2 dudv. 

(g) (Superadditivity) For A = A] U A 2 , we have 

00 00 00 

Y J X k (£2,A) 2 >Y J Xk(£2.A l ) 2 +Y J Xk(£2,A 2 ) 2 . 

k= 1 k= 1 k= 1 

(h) (Weyl-Courant estimates) 


J K{ri,ri)dri, 


(6) 


X k+l (Q,A) <sup{||/v|| 2 : ll/ll = i,feL 2 (n)nCjt}, 
h(C2,A) > inf { H7VH 2 : ||/|| = 1,/ € C*} 
where Ck is any k-dimensional subspace ofLr{K d ). 
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5.2 Eigenvalues Xk(Q,A) when A e #/ a ,Q € ^ 

We first look at the case where both £2 and A are balls. 

Lemma 12. Take £2 = B(0,q b ) and A = B(0,q a ) with a + b > 0. Then the Landau 
operator Jzf admits 1 and 0 as its only eigenvalues. The eigenvalue 1 has multiplicity 
qa+b atu i p le e ig envec tors associated to 1 are 1# ’s where B varies among all balls 
contained in B(0,q a ) of radius q~ b . 

Proof. By Lemma |TT|(e), (f) and Lemma|5] we get 


£ h = q a+b = E 


k= 1 


k= 1 


By the monotonicity of A/, and the fact 0 < A/_ < 1, the above equality implies that 
the first q a+b eigenvalues Aa are equal to 1 and others are equal to zero. Assume 
c £ B(0,q a ). We check that /,.(x) is an eigenvector associated to 1. In fact, 

since B(c,q~ b ) C B(0,q “), we have 



It follows that Jz? is the orthogonal projection which can be defined by 


^ a+b 

Lemma 13. Let A £ s/ a and £2 £ xf, with a + b > 0. Then 




Proof. Assume that 


A =\_\B( Xi ,q a ), £2 = \jB( yj ,q b ). 



First we suppose that jj/ = 1 and x\ = 0. Then 
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m(n)m(B(0,q a )) = Y,h(B(0,q a ) i n) 

k 

> I4 2 (*( o,q a ),n) 

k 

>II\ 2 (£(0 

j k 

By Lemma [12] and the translation invariance, the last sum over k is equal to 
m(B(0, q“))m(B(yj, q b )). Thus the last double sum is equal to Y l jm(B(0,q‘'))m(B(yj 1 q b )), 
that is m(f2)m(fi(0,t/")). Thus we have proved the equality 

Y,h(B(0,q a ),Q) = '£^(B(0,q a ),Q), 

k k 

which implies that X/ ( (B(0 1 q“),Q) is either 1 or 0. 

Then we consider by decomposing A into B(xj,q a )’ s. Using the same 

argument as above and what we have just proved, we can prove the desired result. 


5.3 Beurling density 


The upper and lower Beurling density of a discrete set F in K d are defined as follows 


Z3 + (F) = limsup sup 

xeK d 

I) (r) = liminf inf 

xeK d 


n(F n B(x,q n )) 


n dn 


n(yC\B(x,q n )) 


r.dn 


where n (B) = |\B is the counting of points in B. As in the Archimedean case 031 , the 
above limits exist and we can replace B{x, q" ) by x+p~ n I where I is any compact set 
such that m(7) = 1 (the values Z) + (F) and D _ (F) don’t depend on I). If D + (T) = 
D~(r), the common value is defined to be the Beurling density. It is obvious that 
the Beurling density of a standard quasi-lattice is equal to 1. 

In the following, we give a proof of Theorem[3] The first lemma is obvious. 

Lemma 14. Let h £ L 2 {K d ) be a function such that 


supp/z c B(0,5); Vx £ Q, \h(x)\ > 1. 


Assume f £ L 2 (£2). Consider 


g(y ): =f*h(y)= [ f{z)h(y - z)dz. 
Then g £ L 2 (£2), ||g|| > ||/|| and 
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Vy, \g{y)\ 2 <\\h\\ 2 ( \f(z)\ 2 dz. 

JB(y,8) 

Lemma 15. Let £2 C K d and A C K d be bounded Borel sets and let A C K d be a 
discrete set with separation constant 5 > 0. Let 

A+ = {xGK d : d(x,A) < 5/2}, A~ = {x e K d : d(x,A c ) > 5/2}. 

(a) If A is a set of sampling ofLr(Q), there exists a constant 0 < a < 1 indepen¬ 
dent of A such that 

^n(A+nA) + l(^^) < a - 

(b) If A is a set of interpolation of l? [LA ), there exists a constant ft > 0 indepen¬ 
dent of A such that 

^n(A-nA)(^5^) ^ P- 

Proof. Take a function h satisfying the condition required in the last lemma. Such 
functions h do exist and we can take h(8,) = q df 1 H ( {) cr i\{8,) with I sufficiently large 
such that <5/2 and £2 C B(0,q e ). Recall that h(x) = lg(o^)( x )- 

Consider the functions /i(A — •) where A G A + HA. Since A is separated by 5 and 
h has support in B(0, 5/2), these functions have disjoint supports, then are linearly 
independent. They span a subspace C of L 2 (K d ) of dimension n(A + HA). 

Let / G L 2 (Q) nC x . For A G A + HA, since / is orthogonal to /;(A — •), we have 
g( A) = 0 by the definition of g (see the last lemma). By the last lemma and the 
sampling property of A, we get 

||/|| 2 <lkl| 2 <Cl|g(A)| 2 = C £ |s(A)| 2 . 

leA AeAnA+ c 

By the last lemma, 

m\ 2 <\\h\\ 2 [ \m 2 dz. 

Notice that B(X,q~ l ) C A c whence A G (A + ) c . So, 

ll/ll 2 < C||5|| 2 f \f(z)\ 2 dz = C\\h\\ 2 {\\f\\ 2 \\PaA\ 2 )- 
Ja c 

It follows that ||Fa /|| 2 /||/|| 2 < 1 — 1 /(C||/z|| 2 ) < 1. By the Weyl-Courant estimate, 
we get A n(4+nA)+1 < a with 


« = 1 ^ l/(C||/z|| 2 ) < 1. 

Thus we have proved the assertion (a). The assertion (b) can be proved similarly, 
following a similar argument (see 03). 

Lemma 16. Let £2 G stf^for some b G Z. Let A C K d be a discrete set of separation 
5. 
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(a) Suppose that A is a set of sampling ofLr(Q). Then there is a constant c\ >0 
depending only on 8 and d such that for all a G Z with a + b > 0 we have 


min n(B(x,q a ) flA) > m(£2)m(B(0,q a ) —c\q “m(B(0,q a ). 

xeK d 

(b) Suppose that A is a set of interpolation ofLr(£2). Then there is a constant 
C 2 > 0 depending only on 8 and d such that for all a £ Z with a + b >0 we have 

maxn(B(x,q a ) DA) < m(Q)m(B(0,q a ) + C2q~ a m(B(0,q a ). 

xeK d 

Proof. Observe that n(A~ DA) < n(A HA) < n(A + OA). 

(a) Assume that the minimum is attained atxo and let A = B (xq . q"). Since a + b > 
0, 1 is the unique non-zero eigenvalue of the Landau operator which has the 

multiplicity m(G)m{A). Then 

n(A + nA) + 1 > m(G)m(A) + 1, 

i.e. n(A + flA) > m{G)m{A). However, on one hand 

n(A + OA) = n(A flA) + n((A + \A)flA). 


On the other hand, 

n((A+\A)nA)(8/2) d < ^ m (B(X,8/2)) 

A.e(A+\A)nA 


which implies that for some constant c > 0 depending on 5 and cl we have 

ti((4 + \4)nA) < cq~ a m(A). 


Thus 

n(B(xo,q a ) OA) > m(£2)m(B(xo,q“)) — cq~ a m(B(xo,q“)). 

(b) The proof is similar to that of (a), by using (b) in the last lemma. 
Based on the above lemmas, we can prove Theorem[3]by mimicking [15lj. 
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